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1. Introduction

Recently, consensus algorithms with stochastic disturbances in
sensor networks have been widely investigated, including mea-
surement noises, time delay, quantized data and random link fail-
ures [1-7]. For consensus problems with communication noises,
the stochastic approximation (SA) consensus algorithm with de-
creasing step sizes is an effective method to attenuate the influence
of noises. Applications of SA consensus algorithms and theoretical
development in consensus problems were reported in [8-12], etc.
Under fixed or time-varying topologies, the condition that the net-
work contains or jointly contains a spanning tree to guarantee con-
sensus is well understood. This problem has been systematically
investigated by the tools of the SA theory [12,13], the quadratic
Lyapunov functions [8,9], the algebraic theory [5], and the ergodic-
ity backward product approach [10,11]. Different from the SA-type
consensus algorithm with decreasing step size, Amelina et al. [ 14]
proposed the consensus algorithm with a nonvanishing stepsize
for nonlinear agent dynamics over noisy networks to achieve the
approximate mean square consensus.

It is worth noting that the convergence rate of the consensus al-
gorithm, which characterizes how fast consensus can be achieved,
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is an important issue from the perspective of practical applications.
For the case with precise communication, the consensus error van-
ishes exponentially with the rate governed by the second smallest
eigenvalue of the Laplacian matrix [15,16]. The problems how to
characterize and optimize the convergence rate are extensively
studied via the optimization of the weighted adjacency matrix [17],
local node state prediction [18], and filtering techniques [19].
Recently, Olshevsky and Tsitsiklis [20] investigated the conver-
gence time of consensus algorithm under time-varying undirected
graphs and proposed a linear time average-consensus protocol un-
der fixed undirected graphs [21]. For the SA consensus algorithm,
the convergence rate problem has also attracted much attention.
For the average-consensus problem under undirected graphs, Kar
and Moura [22] showed that the mathematical expectation of the
state vector sequence converges exponentially to the consensus
value, and Dasarathan et al. [ 12] derived the asymptotic covariance
matrix of the consensus error when the step size a(t) = @(t~1).
For the case with balanced digraphs, Li and Zhang [8] obtained the
sample path convergence rate of finite step mean consensus error.
For the leader-following topology case, Xu et al. [ 13] showed that
the sample path convergence rate of the consensus error is o(a’1(t))
if the step size a(t) satisfies lim;_, o (a(t) —a(t +1))/(a(t)a(t + 1)) >
0, and the mean square convergence rate of the consensus error
is o(a®2(t)) if a(t) = O(t™*) with @ € (0.5,1], 81,8, € (0, 1).
Wang et al. [23,24] investigated the convergence rate in the sense
of convergence in distribution for multi-scale consensus modeling
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with Markovian regime switching. Compared with the case with
precise communication, the convergence of SA algorithm is not
exponentially fast any more and is in more complex relation to
the step size a(t) and network parameters. This motivates us to
evaluate the impacts of the step size and network parameters on
the algorithm, which is useful for the designers to improve the
convergence rate.

In this paper, we consider the discrete-time SA consensus algo-
rithm under general digraphs corrupted by martingale difference
sequence communication noises. Different from [9-11] which fo-
cused on the consensus conditions of the SA consensus algorithm,
the main goal of this paper is focused on the convergence rate
analysis in relation to the step size and network graph parameters.
For a class of typical step sizes, we apply basic results of stochastic
analysis and algebraic graph theory to investigate the consensus
error dynamic equation. Compared with the continuous-time SA
consensus algorithm in [25], there is no It6 formula as the effective
tool and we develop more technical tools of inequality theory to
handle with the closed-form of the consensus error. Our contribu-
tion mainly includes the following three aspects.

e For the case of fixed topologies, we show that if the step size
a(t) = O(t77), y € (0.5,1), then the mean square con-
vergence rate of the consensus error is O(t~7); especially,
for the case with balanced digraphs, the convergence rate
is exactly @(t~7). Furthermore, both upper and lower limit
bounds of t”E(||8(t)||?) are explicitly given in terms of the
noise intensity, the number of nodes, the smallest and the
largest nonzero eigenvalues of the Laplacian matrix of the
symmetrized graph.

e Ifa(t) = O(t™"), intuitively, the mean square convergence
rate of the consensus error might be O(t~') and higher than
the case with a(t) = ©(t77), y € (0.5, 1). Interestingly,
we found that this is not always true, and the mean square
convergence rate is O(t ') only if the Laplacian eigenvalues
of the network topology graph satisfy certain conditions. It
is observed that the fast convergence rate O(t~!) depends
on the step size a(t) and eigenvalues of the Laplacian ma-
trix. Especially, for the case with balanced graphs, choosing
a(t) = Ot ") with Ay(Lg)liminf_ o(ta(t)) > 1 will
achieve the convergence rate O(t~'), where A,(Lg) is the
algebraic connectivity of the symmetrized graph. For the
case with undirected graphs, the condition on the step size
a(t) can be relaxed to A, (Lg)liminf;_, (ta(t)) > 1/2, where
Aa(Lg) is the algebraic connectivity of the graph.

e We study the sample path behavior of the consensus error
under undirected graphs. It is observed that the consensus
error has a convergence rate slightly slower than O(t~7/?)
almost surely. The upper limit bound of the sample path of
the consensus error is calculated.

Compared with the existing related works [12,8,13,22,26,24],
we systematically analyze the stochastic convergence rates of the
distributed SA consensus algorithm in the sense that both the
network topology and the class of step size are more general.
Besides, the explicit limit bounds of the stochastic convergence
rates are provided, which clearly show the impacts of various kinds
of system parameters on the convergence rates, i.e. the number of
nodes, the variance of noises, the maximal weight, the eigenvalues
of the Laplacian matrix, etc. Also, sufficient conditions are given to
achieve fast convergence rate O(t~!). These will be all helpful for
developing efficient and practical distributed algorithms over large
scale sensor networks by designing the step sizes and network
parameters.

This paper is organized as follows. In Section 2, we formulate
the problem to be investigated. In Section 3, we investigate the
dynamic consensus error equation and give the mean square and

sample path convergence rates for the SA consensus algorithm. Nu-
merical simulations to corroborate our analytical findings are pre-
sented in Section 4, and concluding remarks are given in Section 5.
For the sake of conciseness, all the proofs are put in Appendix.

In this paper, we adopt the following notations. 1y.; and
Oyx1 denote N x 1 column vectors with all ones and all ze-
ros, respectively. For a given vector or matrix A, AT denotes its
transpose, and ||A| denotes its 2-norm. For any given complex
number A, Re(A) denotes its real part and Im(A) denotes its imag-
inary part. We denote f(t) = o(g(t)) if lim;— » |f(t)/g(t)] = O;
f(t) = 0(g(t)) if limsup, ., If(£)/g(E)] < oo; f(t) = £2(g(t))
if liminf,_, o |f(t)/g(t)] > 0; and f(t) = ©(g(t)) if both f(t) =
O(g(t)) and f(t) = £2(g(t)). For a differentiable function f(t), f*(t)
denotes its kth derivative and fO(t) = f(t).

2. Problem formulation

For a weighted digraph G = {V, &, A}, V = {1, ..., N} denotes
the set of N nodes, £ denotes the set of edges, and A = [a;;] € RVN
denotes the weighted adjacency matrix. The pair (j, i) € £ < node
j can send information to node i directly. Then j is called the parent
of i. Node i is called a source if it has no parent. The neighborhood
of the ith node is denoted by N; = {j € V|(j, i) € £}. For any given
i,j €V,a; > 0,anda; > Oifandonly ifj € M. Lg = D—Ais called
the Laplacian matrix of G, where D = diag(Z]N:]aU, e Z;V:]aNj).

The digraph g is balanced, if Zf'zlaj,- = Z].N=1a,-j foralli € V. A
directed tree is a digraph, where every node except the root has
exactly one parent and the root is a source. A spanning tree of G is
a directed tree whose node set is VV and whose edge set is a subset
of £.If the digraph G contains a spanning tree, then Lg has a unique
zero eigenvalue and all other N — 1 eigenvalues have positive real
parts. We denote A; = 0 and all its distinct non-zero eigenvalues
by A3, ..., A We denote A = min{Re(Ap,),2 < m < I} 1Itis
known that there exists a unique probability measure 7" which
is the left eigenvector of Lg associated with A1, i.e., 7TLg = Oyy1.
If the digraph G is balanced, then 77 = (1/N)1y..

Consider the discrete-time SA consensus algorithm for a N
nodes network

x(t+1) =x(t) +a(t) Y ay(y(t) — xi(t)), t = 0,iev, (1)
JeN;

here the step size a(t) > 0; x;(t) € Ris the ith node’s state, and the

initial state x;(0) is deterministic; y;(t) is the received information

of the ith node from the jth node:

Yii(t) = x;(t) + wji(t), j € M, (2)

where {wji(t), t > 0,1, € V} are the communication noises.
Denote X(t) = [x1(t), ..., xn(t)]". Eq. (1) can be rewritten as
follows:

X(t + 1) = (Iy — a(t)Lg)X(t) + a(t) SgW(t). (3)

Here, W(t) = [wl(t), ..., wh(OIF, wi(t) = [wi(t), ..., on(t)]
and Xg = diag(e!, ..., ) isan N x N? dimensional block diag-
onal matrix with aiT being the ith row of the weighted adjacency
matrix A.

It was proved in [9] that if the digraph G contains a span-
ning tree and a(t) satisfies the standard conditions Zfioa(t) =
00, Zfioaz(t) < 00, then the SA consensus algorithm (1)-(2)
can achieve both mean square and almost sure consensus, i.e.,
E|xi(t)|*> < oo, and there exists a random variable x* such that
lime_, oo E|xi(t) — x*|> = 0 and lim;_, oox;(t) = x* a.s., for alli € V.
Hereinafter, to measure the disagreement among the nodes, we
denote ] = 1y, 7" and the dynamic consensus error by §(t) =
(In = 1)X(2).

In this paper, we will study the stochastic convergence rate of
8(t) and our main goal includes two aspects:
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e To analyze the mean square and almost sure convergence
rates in relation to the step size a(t) and the network graph
parameters.

e To seek the optimal step size for achieving fast convergence.

3. Main results

We make the following assumptions.
1. Topology:

e (Ala) G contains a spanning tree.
e (A1b) g is balanced and strongly connected.'
e (Alc) G is undirected and connected.

2. Step size sequence:

e (A2) There exists y € (0.5,1],0 < ¢ < 8 < oo and
To > 0 such that

at™V <a(t) < BtTV,Vt>T,. (4)
3. Communication noises:

e (A3a) The noise sequence W(t)isa martmgale differ-
ence sequence, and aW = supt>0E(||W(t)|| ) < o0.

e (A3b) The communication noises of different channels
are uncorrelated, i.e. E(W(t)W'(t)) = diag(E (a)n( ),

CE@2 (D), - E(@2y (1), ... E(aRy(1)):

It is worth noting that Assumption (A2) describes a typical class
of step sizes a(t). There are two equivalence forms of (4): (i) a(t) =
O(t77); (ii) 0 < liminf,_ o (a(t)t”) < limsup,_, . (a(t)t”) < oo.
Especially, for any £ > 0, we may take & = liminf;_ . (a(t)t”) — ¢
and B = limsup,_, , (a(t)t”) + & with suitable To. Hereinafter, for
any given {a(t), t > 0}, we will treat the parameters «, 8, Ty, y as
fixed constants to offer more flexibility in theoretical analysis.

3.1. Mean square convergence

We first analyze the mean square convergence rate of the con-
sensus error. Then limit bounds are estimated for the case with
balanced digraphs. Finally, a sufficient condition will be given to
achieve the fast convergence rate O(t~1).

Theorem 3.1. Suppose that Assumptions (Ala), (A2) and (A3a) hold.
For the discrete-time SA consensus algorithm (1)-(2), (i) if y €
(0.5, 1), then E(||8(t)||*) = O(t~7); (ii) if y = 1, then E(||3(t)]|*) =
O(t~") when A3a > 1, and E(||8(t)||*) = O(t™*) when Aja < 1.
Here, X is any given positive real number less than A3.

Remark 3.1. For the SA consensus algorithms, it is known that
under Assumptions (Ala) and (A3a), for all y € (0.5, 1], the step
sizea(t) = O(t~")canguarantee consensus. One would intuitively
believe that y = 1 might lead to faster convergence than the case
with y € (0.5, 1)[26,13]. However, Theorem 3.1 tells us that this is
not always true, especially, if AJo < 1, then the convergence may
be slower than @(t~1)evenify = 1.

If the network graph is balanced, then more details can be given
for the relationship among the convergence rate, the step size a(t)
and the network parameters. We have the following theorem.

Theorem 3.2. Suppose that Assumptions (A1b), (A2), (A3a) and
(A3b) hold. For the discrete-time SA consensus algorithm (1)-(2), (i) if

Ta digraph g is strongly connected, if for any i,j € Vv, there is a directed path
fromi toj. For a balanced digraph, containing a spanning tree implies being strongly
connected.

€ (0.5, 1), then

upwpﬂﬂwmw)sqﬁﬂhdam; (5)
(ii) if y = 1, then

llm sup tE()I8(6)]1%)

< 182 /(Ma(lg)a — 1) when Ay(Lg)e > 1: (6)
limsup t(Int) 'E(|8(t)1%) < C182 when Ax(Lg)a = 1;  (7)
andHOO
lim sup ¢/29E(13(0)]”)
5021,32/(1 — Mo(Lg)a) when Ay(Lg)a < 1. (8)

Here, C; = max1§i,j§Nai2jaﬁ,(N —1)/N, and )5(Lg) is the smallest
nonzero eigenvalue of the Laplacian matrix of the symmetrized graph
of G [15.38].

If the network is an undirected graph, then more precise es-
timates of the upper limit bound for the consensus error can be
given.

Theorem 3.3. Suppose that Assumptions (Alc), (A2), (A3a) and (A3b)
hold. For the discrete-time SA consensus algorithm (1)-(2), (i) if y €
(0.5, 1), then

limsup ¢”E(|3(t)]%) < C18%/(2h20); (9)

t—00

(i) if y = 1, then

limsup tE(J|3(t)]I%)

t—00

< C18%/(2h0 — 1) When e > 1/2; (10)
limsup t(Int)"'E(|8(t)]1%) < €182 when hya = 1/2; (11)

t—00

and
limsup t*2E(||8(t)|1%)
t—o0

< (18%/(1 — 22y00) when Ay < 1/2. (12)

Here, C; is given in Theorem 3.2.

Theorem 3.4. Suppose that Assumptions (A1b), (A2), (A3a) and (A3b)

hold. For the discrete-time SA consensus algorithm (1)-(2), (i) if y €
(0.5, 1), then
liminf ¢ E(18(6)11%) = Cra? /(2 (Lo)B); (13)
(ii)if y = 1, then

lim inf tE(I8(E)112)

> Cra?/(2in(Lg)B — 1) when ay(Lg)B > 1/2; (14)
and
liminf tE(|18(8)]1?) = oo when AN(fg)ﬁ <1/2. (15)

Here, C1 = 1nft>0{zu 1aG5E
the largest eigenvalue of Lg.

(@D — 1N, and iy(To) is

Remark 3.2. Theorems 3.2-3.4 jointly give the explicit conver-
gence rates of the consensus error under balanced digraphs or
undirected graphs. Ify € (0.5, 1) then E(]|5( t)||2) = O(t7);if
y = 1, then E(||8(t)||>) = ©(t~!) provided Ay(Lg)a > 1, and
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lim;_, o tE(]|8(t)]|?) = oo otherwise. Hence, the choice a(t) =
e(t~1) with Az(fg)lim inf,_ (ta(t)) > 1 suffices for achiev-
ing the fast convergence rate O(t~!). And for the case with
undirected graphs, the condition on a(t) can be relaxed to
Ao liminf,, o(ta(t)) > 1/2 by Theorem 3.3. It is noted that the
eigenvalue A, called algebraic connectivity, characterizes the de-
gree of a graph’s connectivity. To achieve the fast convergence rate,
besides taking the step size a(t) = @(t~!), the connectivity degree
should be large enough such that A, > 1/(2 liminf;_, o (ta(t))).

3.2. Almost sure convergence

If the network is undirected, then the sample path convergence
rates of §(t) can be characterized, which illustrate the properties of
the consensus algorithm with probability 1.

Theorem 3.5. Suppose that Assumptions (Ala), (Alc), (A2) and (A3a)
hold. For the discrete-time SA consensus algorithm (1)-(2), (i) if y €
(0.5, 1), then

lim sup ¢ ¥ (7" log log(S/™ 1))~ 2 |8(¢)]|
t—o00
BRI

as.; 16
po” (16)

(ii) if y = 1, then when Ay > 1/2, we have

lim sup ¢ 2 (7" log log(S™ 1))~ [|8(t)|]

t—o00

216N =1, a
< : as.; 17
< ﬁ\/ Py — 1 (17)

when Ao = 1/2, we have

limsup ¢ 2(In t)~2 (Y log log(SN 1))~ 2 [|8(¢)l|

t—00

<B 2EN-1)) a as.; (18)
ij

and when Ay < 1/2, we have

lim sup t*2%(Y log log(S™ 1))~ 2 ||5(¢)]|

t—00

_ . a
5;3\/2'5'(1\[ 12,9 as. (19)

1— 2)\.20{

Here, T = suptzomaxlSi’jSNE(wjzi(t)), S = S () (1 -
Ana(r))~2, A, and Ay are the smallest and largest nonzero eigenvalues
of the Laplacian matrix Lg, T > max{Ty, Ty, Ts} with Ty, T, and Ts
are given, respectively, in Lemma A.3, the proof of Theorem 3.1, and
Lemma A.6.

Remark 3.3. For any given ¢ > 0, we have (loglog S;")"/2 = 0(t€).
Thus if the communication noise is i.i.d. standard whitey noise, from
Theorem 3.5, we can conclude that ||§(t)]| = O(t~27¢) almost
surely.

4. Numerical example

In this section, we present numerical examples to corrobo-
rate our analytical findings. In all the simulations presented, the
communication noises are Gaussian white noises with distribution
N(0, 1). To compute the mean square of the consensus error, we
simulate 1000 runs of the SA consensus algorithm from the initial
state. And the iteration time is 500.
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Fig. 1. The curve of tE(||8(t)||) for the 4 nodes network with a;(t) = 0.2(t + 1)71.
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Fig. 2. The curve of tE(||5(t)||?) for the 4 nodes network with a,(t) = (t + 1)~.

4.1. The sufficient condition to achieve fast convergence rate

Example 4.1. Consider a sensor network of 4 nodes with the
network topology graph ¢ = {V, &, A}, where Vv = {1, 2, 3,4},
g =1{2,1),(04,2),(2,3),(4,3),(1,4), (2,4)} and Aisthe 0 — 1
weight adjacency matrix. The initial condition is given as X(0) =
[1,6,2,3]". We take the step size a;(t) = 0.2(t + 1)~! and
ay(t) = (t + 1)1, respectively, for the SA consensus algorithm (1).
Note that Aj(Lg) = 2, Aj(Lg)lim tay(t) = 0.4 < 1, and
M(Lg)limiootax(t) =2 > 1.

In Figs. 1 and 2, we show the convergence rate of the SA con-
sensus algorithm by plotting tE(||8(t)||?) versus different step sizes
aq(t) and ay(t), respectively. It can be seen that for the case with
a(t), tE(||8(¢)||?) explodes, and for the case with a,(t), tE(||8(¢)]|?)
decays fast initially and then reaches a steady state, which means
that the convergence rate of E(||8(t)||?) is slower than @(t~1) for
the case with a;(t), and E(||8(£)|?) = ©(t~!) for the case with a,(t),
which are consistent with Theorem 3.1 and Remark 3.1.

Example 4.2. Consider a ring sensor network with 5 nodes where
each node has two neighbors. The ith node’s neighbor set N; =
{i—1,i+1}for2 <i < 4N = {52}, and N5 = {4,1}.
Clearly it is a 2-regular undirected graph. The initial condition is
given as x;(0) = 2i — 1for 1 < i < 5. We take the decreasing
step size a(t) = 0.3(t + 1)~'. Noting that A,(Lg) = 1.382,
we have Ay(Lg)lim;ota(t) = 0.4146 < 0.5, which means
that the algebraic connectivity A,(Lg) of the network graph is not
sufficiently large to meet the sufficient condition illustrated in



H. Tang, T. Li / Systems & Control Letters 112 (2018) 9-17 13

110

— ——=
----- LE(IBOIP) e
"’\
100 | e
.
-
-
\"
9 | e
R
\,‘

L R4

80 .
"
X4
700,
;"

o/

!

!
50 1

n
0 ; ; ; ;

0 100 200 300 400 500

t/s

Fig. 3. The curve of tE(||8(t)||?) for the 5 nodes ring network.
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Fig. 4. The curve of t*2(:G)#E(||8(t)||?) for the 5 nodes ring network.

Remark 3.2. From Figs. 3 and 4, it can be seen that tE(]|8(t)||?)
explodes, while t*2L)*E(||8(t)||) converges. The convergence rate
of E(||8(t)||?) fails to attain ®(t~1).

Now we increase the algebraic connectivity of the ring graph
by adding four edges (3, 1), (1, 3), (4, 2) and (2, 4). The new graph
is denoted by ¢ = {Vv, &, A}. Take the same step size a(t) =
0.3(t + 1)7'. Noting that A,(Lz) = 2, it can be verified that
A(Lg)lime ota(t) = 0.6 > 0.5, which meets the sufficient
condition to achieve the convergence rate ®(t~') illustrated in
Remark 3.2. From Fig. 5, it can be seen that tE(||5(t)||?) converges,
which means that E(||§(t)[|?) = @(t™1).

4.2. Graph-related limit bounds

Example 4.3. Consider a ring sensor network with N nodes where
each node has two neighbors as in Example 4.2. The initial con-
dition is also given as x;(0) = 2i — 1for 1 < i < N. We take
the decreasing step size a(t) = 2(t + 1)7%%. The convergence
rate of the consensus error is shown when N = 4and N = 7,
respectively, in Fig. 6, where the solid blue line denotes the curve
of tO98E(||8(t)||?) for N = 4, whereas the dashed red line denotes
the curve for N = 7. The two curves achieve steady values around
3 and 10, respectively.

The theoretical value of lim;_, ».t%*3E(||8(¢)||?) predicted by our
analysis is given by Theorems 3.3 and 3.4. When N = 4, it is easy
tocheckthat C; = C; = 2(N —1) = 6, A, = 2, A4 = 4,
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Fig. 5. The curve of tE(||8(t)||?) for the 5 nodes ring network with 2 added edges.
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Fig. 6. The curve of t*9E(||5(t)||?) for the ring graph network with a(t) = 2(t +
1)-098,

and lim,_, ot*%E(|8(t)?) € [1.5,3]. When N = 7, it is easy
to check that C; = C; = 12, A, = 0.753, A; = 3.8019, and
lim;_, oot “%8E(||8()]I?) € [3.1563, 15.9385]. Here, we take o =
B = limy_ o (t%%®a(t)) = 2 for the simplicity of computation.
The numerical result demonstrated in Fig. 6 shows that the limit
bounds given by the theoretical results are quite reasonable.

5. Conclusions

In this paper, we have considered the stochastic convergence
rates for SA consensus algorithms with martingale difference se-
quence communication noises under directed topologies. By the
tools of stochastic analysis and algebraic graph theory, we have
quantified the relationship among the convergence rate, the step
size a(t), and the network topology. We found thatifa(t) = @(t™7)
with y € (0.5, 1], then for the case with general digraphs with
spanning trees, the mean square of the consensus error has a
convergence rate of O(t™")if y € (0.5,1)and O(t~ ") ify = 1
and A5 > 1. These results are further extended to the case
with balanced digraphs and undirected graphs, which indicates the
optimal choice of {a(t),t > 0} to achieve fast convergence rate.
Furthermore, we give the calculation methods for the limit bounds
of the convergence rate of the consensus error by the network
topology parameters, e.g., the number of nodes and edges. The
sample path convergence rate performances are also derived for
undirected graphs.
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There are many interesting topics deserving further investiga-
tion, such as to get the convergence time for any given accuracy and
extend our analysis to networks with nonlinear dynamics, random
link failures, time-varying topologies, and time delays.
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Appendix

Lemma A.1([9]). Suppose that Assumption (Ala) holds. Then for any
given matrix @y v—1) satisfying span{én-1)} = span{Lg}, the

matrix @ = (Inx1 @nx(n—1)) is nonsingular, @~ ! has the representa-
. 1 - 1 _ 0 0141\1-1))
tion @' = (‘//(N—I)XN) fmd P Lg® = (O(N—l)xl i . Here,

all N — 1 eigenvalues of Lg, which are also nonzero eigenvalues of Lg,
have positive real parts.

Lemma A.2. Under Assumption (A2), for any givent > s > Ty and
A > 0,if y €(0.5, 1), we have

B oy _ A 1oy
eT7* e T
< et Xignan) < ell—“y(sﬂ)lﬂeqi—“y(rﬂ)lfy’ (A1)
andif y = 1, then
S < e Drmern @) < (s 4 1Y9(¢ + 1), (A2)

The proof is straightforward and is omitted here.

Lemma A.3. Under Assumption (A2), if y € (0.5, 1), for any given
realnumber A > 0, there exists T, > 1such that for any givenT > Ty,
we have

lim sup t” Za e Lrs190) < B2 /(0q), (A.3)
t—o00
and
d t
liminf £ ) " a*(s)e™ Zr=s+1) > o? /(A B). (A4)
t—o00

s=T

Proof. By Assumption (A2) and Lemma A.2, for any given T > T,
we have

t
Z a’(s)e

_/aflly _ )»as]ly
< prem T ZSZye (s+1)
s=T

D NENRY ()

(A5)

Denote § = Aa/(1 — y). It is easy to check that there exists a
constant C > 0 such that for any givens > C, f(s) = s~27 o+
is increasing. Therefore for all T > C, we have

t i t+1 .
Z S—Zye5(5+l) 14 < / S_2y€5(s+1) de. (AG)
s=T T
By L'Hopital’s rule, it follows that
ffT+1 =27 SN o 1
=—. (A7)

t—o0 (t+])—yes(t+2)1—y A

)and (A.7), and noting
=1, Eq. (A.3) follows.

Denote Ty = max{To, } By Egs. (A.5), (
that limg_, cot” e =50 ™7 (¢ 4 1)77 b+
(A.4) can be obtained similarly.

Lemma A.4. Under Assumption (A2),if y = 1, when A > 1, then
for any given T > Ty, we have

lim sup tZa e Yi—sr19) < B2 /(g — 1); (A.8)
t—o00
when Aa = 1, we have
limsup t(Int)~ Za et Limsi @) < g2; (A9)
t—o00
and when Lo < 1, we have
lim sup t* Z @(s)e~* Tr=s+190) < 82/(1 — rqx). (A.10)
t—00
Proof. By Assumption (A2) and Lemma A.2, we have
t
Z a2(5)67A Z£=S+1 a(r)
s=T
t+1
e [P o
T-1
It is easy to check that
t+1
/ Ska72ds
-1
In(t + 1) — In(T — 1), if e = 1;
T /O =)+ 1) = (T = 1Y) ifaa £ 1

Note that (T—1)**~! < 1if A« < 1and T > T,. And the conclusion
follows.

Lemma A.5. Under Assumption (A2), if y = 1, then for any given
T > Ty, when A8 > 1, we have

t

lminf £ a(s)e ™ Zr=+190 > o2 /(0B — 1); (A.11)
t—00 —
and when A < 1, we have
t
liminf t a?(s)e™* Yres10) = oo, (A12)

t—00
s=T

The proof is similar to Lemma A.4.

Lemma A.6. Under Assumption (A2), for any given positive real
number A, there exists Ts > 0 such that

t s

lim » " a*(s) [ J(1 = 2a(r))™ = 00, VT > Ts.
e s=T r=T

(A.13)

Proof. Forall T > Ty, with Ty given in Assumption (A2), we denote
St =Y @) [_;(1 — ra(r))~2. In view of (1 — x)~! > ¢* for
all0 < x < 1, we have

t

s 2ia 14y 2ha 1+y

txz o? Zs’z"en"‘zr:”y > o2e ~ Ty T Zs 27eTHy S
s=T

23 1+
It is easy to check that f(s) = s~ el+*® ’
s > y/(ra). Helgfe forall T > y/(Aa), we have S} > «
2 714y i 1+
T fT[ 527775 ds. Note that lim;_, oos'™ 2 ity

e T+y = OQ.
By Cauchy criteria of improper integral, we have lim;_, o, f tT s

is increasing when
2
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2\ 1+y
e* 'ds = oo. Denote Ts

follows.

= max{Ty, y/(Ax)}. And (A.13)

Proof of Theorem 3.1. (i) By (3) and the equation (Iy — J)(Iy —
a(t)Lg) = (Iv — a(t)Lg)Iy —J), it is easy to check that §(t + 1) =
(Iy — a(t)Lg)8(t) + a(t)Iy — J)XgW(t). Define §(t) = &~18(t),
with @~ given in Lemma A.1. Denote n(t) = (S5(t), ..., SN(t))T.
In view of that w7(Iy —J) = 77 (Iy — Inx17") = 01y, it follows
that for any given T > T, with Ty is given in Assumption (A2), the
closed-form solution can be written as

81(t +1) = 8;(0) = 778(0) = =" (Iy — J)X(0) = 0, (A.14)
n(t +1) = JUv-1 — as)ig)n(T)
s=T
+ Z( 1_[ (N1 — Cl(T')Zg))
s=T r=s+1
x a($)Yn—1)xn(In = J)ZgW(s). (A.15)
Here, Lg is given in Lemma A.1. Define f(T, t, Lg) ]—K:T(IN_l -

a(s)Lg), and g(s, t, Lg) =
the 2-norm, we have

E(In(t + DII*) < IIF(T, ¢, zg)lle(Ilﬂ( 2

+co||Z

where Co = [[Yyw_1xn(In — J)Zgll*0,. Then it will be suf-
ficient to analyze the convergence rate of ||f(T,t,ig)||2 and
||Z§:Ta(s)g(s, t, Lg)||?, respectively.

Assume the Jordan normal form of ig is diag(Ja, ny» - - - s Jagong ),
where J;, »; is an n; x n; Jordan block with the diagonal filled
with A; and the superdiagonal composed by ones. Then we can
assert that each element of the matrix function f( T t Lg) and
Zg ras)g(s, t, Lg) are finite linear combinations offl (T t, Am),

Hr—s+1(IN 1 — a(r)Lg). By properties of

g(s, t, Lo)l1% (A.16)

and Zs ra(s g(k)(s t, Am), respectivelyy m = 2,...,q,k =
0,1, nm—lz]evHerethk) ]_[S (1 —a(s)r), and
g(s, t, A) ]_[r s+1(1—a(r)A). It will be sufficient to analyze these
items separately.

For any given A, m = 2,...,q, we have |1 — a(s)in| =

(14 a*(s)|Am|* — 2a(s)Re(Am)) '/2 By Assumption (A2), there exists
T, > Osuch that for any given T > T,, we have a(t) < min{Re(An)/
|Am|%, 3/(8Re(Am))}. Then we can conclude that

1/2

11— a(s)Amll < (1 — a(s)Re(Am)) ", (A17)
and
11— a(s)mll = (1 — 2a(s)Re(Am)) "> = 1/2. (A.18)

By (A.17) and the fact that 1 — x < e * for x > 0, it follows that for
any given T > max{Ty, T},
t

T, e am)ll < TT(1 - a(s)Re(hm))
s=T
< e~(Relim)2) Xt ra (A.19)
Forf (T, t, Am), by (A.18), we have
S1)
T,t, A < T,t, Am _
T, € am)ll < IFC )l Z T Sl)xm”

< 20f(T, 6, 2m)ll ) alsy),

s1=T

A

Y0 Y (s [T G- asm))|

s1=T s9=T,S2#51 s=T,5#51,52
t
» a(sz)
< (T, € A (7 T aoi)
Z 1T —als)rnll g#sl 11— a(s2)Amll
t

< 2f(T. 6. 2m)ID_ alsi)).
s1=T
Similarly, fork = 3, ..., n,; — 1, we have

t

k
AT, & amdll < 2K0FCT, €, 2m)I (D alsh)" (A20)
s1=T
Noting that for any givene > Oand k = 0,1, ..., n, — 1, there
exists a constant C(k, €) > 0 such that
t
t
(3 ats)* < Clk, e)e ==, (A21)

s1=T

By Egs. (A.19), (A.20) and (A.21), it follows that for any given A €
(0,23),andm=2,...,q,k=0,1,...,n, — 1, we have

(T € 2| = O™ 0/ Xser o), (A22)
Similarly, we have
”g(k)(s t, Am)l| — O( )‘/z)zr =5+19 ) (A23)

In the remainder of this proof, without loss of generality, we
assume that T > max{Ty, T,}, with T; is given in Lemma A.3.

Ify e (0.5,1), by Lemma A2, it follows that e~*/2Xs=ra) —
o(t™1). Then by Egs. (A.22)-(A.23) and Lemma A.3, we have
E(I8(6)[1%) = O(t™7).

(ii) If y = 1, when AJa > 1, we can always take € and A =
A3 — € satisfying that A\ > Ao > 1. By Lemma A.2, we have
e~*Ls=rds) = O(t~1/2). Combining Lemma A.4 and Eqgs. (A.22)-
(A.23), we can conclude that E(||8(t)]|?) = O(t™1). If Ao < 1, then
for any given A less than A%, the conclusion E(]|8(¢)]|?) = O(t™**)
follows by Lemmas A.2 and A.4.

Proof of Theorem 3.2. By Assumption (A1b), we know that fg
can be diagonalize [15] and has N real eigenvalues 0 = A(Lg) <
Aa(lg) < -+ < An(Lg). Denote & = [&1, &, ..., &n], where
& is the unit eigenvector of Lg associated with A;(Lg). Note that
nT = (1/N)ly,y, hence & = 1/(VN)ly.y, and ETLgE =

= diag(0, X2(Lg), - .., An(Lg)). Define 5(t) = ZT5(t). Denote

mga = (0,0 "), w0 = Ba(0), .. Bu(©), and
Enx( [52,.. &n]. Thus, we have

£)(Iy—1 — 2a(t) Az, + a*(0)LGLg (L))
(O1)a*(©).

N =T
s 2oim1 NiN ), Exn-1)

Enxv-1) = In-1,and Enxv-1)E,v_1) = Iv — Jv. By Assump-
tion (A3b), we have

E(l18(¢ + DI*) = E(n'(

+ E(I185y-1(In — ) ZgW (A.24)

Note that EgW(t) = (Zi:1auw,-1, .

E(| Bxn—1yIn — 1) ZgW (D)%)

N
=) @E@}(O))XN — 1)/N.

ij=1

(A.25)
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By Assumption (A2), there exists T3 > 0 such that a(t)kz(fg) -
a?(t)||ILg||*> > 0,Vt > Ts. In the remainder of this proof, without
loss of generality, we assume that T > max{Ty, T, T3}, with T;
and T, are given, respectively, in Lemma A.3 and the proof of
Theorem 3.1.

Thus

EQIS(E + DI?) = (1= 2a(To)aleDENS(O)I? + CraX(e).
< 20 T dO(||5(T)|12)

t
+ G Z a(s)e
s=T

Ify € (0.5, 1), then (5) follows from Lemmas A.2 and A.3.If y = 1,
the result follows by Lemmas A.2 and A.4.

—ho(Lg) Yo gy alr).

Proof of Theorem 3.3. Note that for the undirected graph, its
Laplacian matrix Lg is diagonalizable. We denote its N real eigen-
valuesby0 = Ay < Ay <--- < Ay.Denote I' = [y1, V2, .- ., WN],
where y; is the unit eigenvector of Lg associated with A;. Clearly,
we have y; = (1/+/N)1y1. Denote 8(t) = I'"'8(t) and n(t) =
(5,(t), . 5N( ))T It is easy to check that E(a(t + DI?) < (1 -
Aza(t))zE( 18(t)]12) 4+ C1a?(t). With the similar analysis in the proof
of Theorem 3.2, the results in Theorem 3.3 can be obtained.

Proof of Theorem 3.4. For any given T > 0, by Egs. (A.24) and
(A.25), we have

E(l5(t + 1)I1%)

> [0 —2x(@a)ats)ECISTI)

s=T

+ & ([T = 2xno)atrn)as).

s=T r=s+1

For any given ¢ > 0, by Assumption (A2), we can conclude that
there exists T, > 0 such that a(t )AN(Lg) (In(1+4€))/(14€), Vt >
T4. In the remainder of this proof, without loss of generality, we
assume that T > max{T;, Ty, T4}, with T; and T, are given, re-
spectively, in Lemma A.3 and the proof of Theorem 3.1. In view of
1—x> e U+ X forallx e (0, (In(1+¢€))/(1 +e)) we have E(||8(t +
DIP) > GYLd%(s)e ~21+ (o) ios4100) By Lemma A.3, we
have liminf_, o tVE(]|8(t)]%) > Clcxz/( (1+ E)AN(Lg)ﬂ). And the

result in Eq. (13) follows by letting ¢ — 0. Eq. (14) can be obtained
similarly by Lemma A.5.

Proof of Theorem 3.5. We will continue to adopt the notations in
the proof of Theorem 3.3. By the properties of 2-norm, we have
I8¢ + DI < IT I3 + DIl < VN max 5+ DIl (A26)

It is easy to check that for any given T > 0, the closed-form of the
solution is

81(t + 1) =51(0) = %hxw(lw —])X(0) =0,
it +1) ]_[(1 — 2ia($))8:(T)

+ ¥y —D)%s Z( [T (1 = hatrp)atsws).

s=T r=s+1
(A27)

In the remainder of this proof, we assume T > max{T;, T, Ts} with
T, T, and Ts are given, respectively, in Lemma A.3, the proof of
Theorem 3.1, and Lemma A.6.

For the first item on the right hand side of (A.27), in view of
LemmaA.2and 1—x < e *whenx > 0, we have ]_[izT(l—)\,'a(s)) <
e—kiznga(s) — O(t_l/z).

For the second item, noting that y; is orthogonal, it follows that

Iy (v —NZgll < (r(ZUn — ) Zg)'?

(Y@ (A28)
By the properties of 2-norm, \j\/e have
|| Z( [To- Jia(r))a(s )W (s)l|
s=T r=s+1
€] max | Z( I 1= haal(r)) a(s)eo(s)]. (A29)
s=T r=s+1

Hereinafter, we will mainly focus on the estimation of the con-
vergence rate for the stochastic part ZS T(]_[ rest1( )»,-a(r)))

a(s)wji(s). By Lemma A.6 and the law of iterated logarlthm of the
martingale difference sequence [27], we have

2t (TTr (1 = 2iar) ™ Jat)ey(s)
lim sup
too (2SPE(w3(t) log log(S; E(w3(1))))

Here, S} = Z;zraz(s)]_[rzr(l — Ara(r))~2. Inviewof 1 —x < e™*
when x > 0, we have

t
Hl—ka SA’<Za (s)e 2 Lrms41 91
r=T

By (A.30)-(A.31) and Lemma A.3, we have
(t))log log(S; E(w}(1)))) 2

=1la.s.

(A.30)

Nl—

(A31)

limsupt? 2 (

t—o00

t t
x ||Z(1‘[ (1= xia(r)))a(s)eop(s)]

s=T r=s+1

t
< limsup(e” [ J(1 - )»ia(r))zsfxi)%

t—00
r=T

28 (T = () Jals)e(s)
x 1
(STE(w3 (1)) log log(S; E(w2(1))))?

< ﬂ/JkTaa.s.

Combining (A.28), (A.29), and (A.32), we have

7(0)) log log(S; E(w(t )2 13t + 1))

(A32)

llmsuptZ( (o

t—o00
[EI(N=1))"; . a2
— =W Vs

< (A.33)
)\.jaN

Note that §;? < S} < S/ for A, < A; < Ay. Thus we have

Y
2

limsup t2 (7 log log(S?” T))’% 18:(t + 1)]]

t—o00
2
< |8|(N_1) i’jaijaS
- )\.zaN
And the conclusion in (i) follows by (A.26) and (A.34).
If y = 1, by following the same step of the case y € (0.5, 1),

the conclusion in (ii) can be obtained similarly by Lemmas A.2, A.4
and A.6.

(A.34)
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